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ON BIRATIONAL MAPS FROM CUBIC THREEFOLDS
JE´RE´MY BLANC AND STE´PHANE LAMY
Abstract. We characterise smooth curves in a smooth cubic threefold
whose blow-ups produce a weak-Fano threefold. These are curves C of
genus g and degree d, such that (i) 2(d − 5) ≤ g and d ≤ 6; (ii) C does
not admit a 3-secant line in the cubic threefold. Among the list of ten
possible such types (g, d), two yield Sarkisov links that are birational
selfmaps of the cubic threefold, namely (g, d) = (0, 5) and (2, 6). Using
the link associated with a curve of type (2, 6), we are able to produce the
first example of a pseudo-automorphism with dynamical degree greater
than 1 on a smooth threefold with Picard number 3. We also prove that
the group of birational selfmaps of any smooth cubic threefold contains
elements contracting surfaces birational to any given ruled surface.
Introduction
The two archetypal examples of Fano threefolds that are not rational are
smooth cubics and quartics in P4. The proofs go back to the early 1970’,
and are quite different in nature. The non-rationality of a smooth quartic X
was proved by Iskovskikh and Manin [IM71] by studying the group Bir(X)
of birational selfmaps of X: They show that this group is equal to the
automorphism group of X, which is finite. On the other hand, the proof of
the non-rationality of a smooth cubic Y by Clemens and Griffiths [CG72]
relies on the study of the intermediate Jacobian of such a threefold: They
prove that the intermediate Jacobian of Y is not a direct sum of Jacobian
of curves, as it would be the case if Y were rational. Once we know that
a smooth cubic threefold is not rational one can deduce some interesting
consequences about the group Bir(Y ). For instance, the non-rationality but
unirationality of the cubic Y implies that it does not admit any non-trivial
algebraic Ga-action (see Proposition 3.1). It is tempting to try to go the
other way around: study the group Bir(Y ) first with the aim of pointing out
qualitative differences with the group Bir(P3), hence obtaining an alternative
proof of the non-rationality. This was one of the motivations of the present
work. However we must admit that the answers we get indicate that the
group Bir(Y ) is in many respects quite as complicated as Bir(P3), and it is
not clear whether the above strategy could be successful.
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A first indication that the group Bir(Y ) is quite large comes from the
generalisation of the Geiser involution of P2. Let us recall this classical
construction. Consider p ∈ Y a point. A general line of P4 through p
intersects Y in two other points, and one can define a birational involution
of Y by exchanging any such two points. One can see this involution as
a Sarkisov link: first blow-up Y to obtain a weak-Fano threefold X, then
flop the strict transforms of the 6 lines through p, and then blow-down the
transform of the tangent hyperplane section at p to come back to Y . It is
natural to try to obtain new examples by blowing-up curves instead of a
point.
The general setting of this paper (where we always work over the field C
of complex numbers) is to consider Y ⊂ P4 a smooth cubic threefold, C ⊂ Y
a smooth (irreducible) curve of genus g and degree d, and π : X → Y the
blow-up of C. We are interested in classifying the pairs (g, d) such that X is
(always, or generically) weak-Fano, that is, the anticanonical divisor −KX
is big and nef. To express our main result it is convenient to introduce the
following lists of pairs of genus and degree:
Lplane = { (0, 1), (0, 2), (0, 3), (1, 3), (1, 4), (4, 6) };
Lquadric = { (0, 4), (0, 5), (1, 5), (2, 6) }.
We shall see (Lemma 1.8 and Proposition 1.10) that the 12 pairs in Lplane ∪
Lquadric ∪ {(2, 5), (3, 6)} correspond to all (g, d) with 2(d− 5) ≤ g and d ≤ 6
such that there exists a smooth curve C ⊂ Y of type (g, d), that is, of
genus g and degree d. However, curves of type (2, 5) or (3, 6) always admit
a 3-secant line in Y (Proposition 1.13), which is an obvious obstruction for
X to be weak-Fano.
We obtain a result similar to the case of P2 or P3 (see [BL12]): the
blow-up of a smooth curve C ⊂ Y of type (g, d) is weak-Fano if and only
2(d − 5) ≤ g, d ≤ 6 and there is no 3-secant line to C. More precisely, we
obtain the following:
Theorem A. Let Y ⊂ P4 be a smooth cubic threefold, let C ⊂ Y be a
smooth curve of genus g and degree d, and denote by X → Y the blow-up
of C. Then:
(1) If X is a weak-Fano threefold, then C is contained in a smooth hyper-
quadric section, |−KX | is base-point-free, (g, d) ∈ Lplane ∪ Lquadric and
there is no 3-secant line to C in Y . Moreover, C is contained in a
hyperplane section if and only if (g, d) ∈ Lplane.
(2) Conversely :
(i) If (g, d) ∈ Lplane then X is weak-Fano and more precisely:
• If (g, d) = (0, 1) or (1, 3), then X is Fano;
• If (g, d) = (1, 4) or (4, 6), then X is weak-Fano with divisorial
anticanonical morphism;
• If (g, d) = (0, 2) or (0, 3), then X is weak-Fano with small anti-
canonical morphism;
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(ii) If (g, d) ∈ Lquadric and C is a curve without any 3-secant line in Y ,
then X is weak-Fano with small anticanonical morphism.
Moreover for these four cases, there exists a dense open set of such
curves in the Hilbert scheme parametrising smooth curves of genus g
and degree d in Y .
We refer the reader to the introduction of [BL12] for more information
on Sarkisov links and the classification of weak-Fano threefolds of Picard
number 2. Let us mention that among the cases covered by Theorem A,
it turns out that two yield Sarkisov links from the cubic to itself, namely
(g, d) = (0, 5) and (2, 6): this follows from the exhaustive lists computed in
the paper [CM13]. The case (2, 6) is of particular interest. First, it gives an
example of an element of Bir(Y ) that contracts a non-rational ruled surface.
This lead us to the question whether there were restrictions on the birational
type of surfaces contracted by an element of Bir(Y ), and quite surprisingly
the answer is that, as in the case of P3, there is no such obstruction.
Proposition B. Let Y ⊂ P3 be a smooth cubic hypersurface, and let Γ be
an abstract irreducible curve. Then, there exists a birational map in Bir(Y )
that contracts a surface birational to Γ× P1.
A second interesting feature of curves of type (2, 6) is that they come in
pair: there exist pencils of hyperquadric sections on Y whose base locus is
the union of two curves of type (2, 6). To each of these curves is associated an
involution, and the composition of the two involutions yields an interesting
map from the dynamical point of view.
Proposition C. Let Y ⊂ P4 be a smooth cubic threefold. There exists
a pencil Λ of hyperquadric sections on Y , whose base locus is the union
of two smooth curves C1, C2 of genus 2 and degree 6, and such that there
exists a pseudo-automorphism of dynamical degree equal to 49 + 20
√
6 on
the threefold Z obtained from Y by blowing-up successively C1 and C2.
Let us end this introduction by discussing the similarities and differences
with the papers [BL12] and [ACM11, CM13]. In [ACM11] the authors show
the existence of weak-Fano threefolds obtained as blow-ups of a smooth curve
on a smooth threefold Y , where Y is either a quadric in P4, a complete
intersection of two quadrics in P5, or the Fano threefold V5 of degree 5
in P6. The construction relies on the fact that for each curve C of genus g
and degree d candidate to be blown-up, there exists a smooth K3 surface
S ⊂ Y containing a curve of type (g, d), such that the Picard group of S
is generated by the curve and a hyperplane section. This allows to control
the geometry of potential bad curves (curves intersecting many times C
with respect to their degree). In fact one can apply a similar strategy to
the case of a cubic threefold: This is done for the type (0, 5) and (2, 6) in
[CM13, Proposition 2.10]. Precisely J. Cutrone and N. Marshburn show
that there exist very special curves of type (0, 5) or (2, 6) that are contained
in a particular K3 surface, which is itself contained in a particular smooth
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cubic threefold, such that the blow-up is weak-Fano. By contrast, we show
that for any cubic threefold and any curve of type (0, 5) or (2, 6) with no
3-secant line in the cubic (which is an open and dense condition), the blow-
up is weak-Fano. In short, existence was already known, but now we obtain
genericity (and a different proof for existence).
In many respect we follow a similar line of argument as in [BL12], but
with some notable simplification (it would be possible to implement these
simplifications to the case of blow-ups of P3 as well). In particular in [BL12,
Proposition 2.8] we proved and used the fact that if the blow-up of a curve
C ⊂ P3 gives rises to a weak-Fano threefold, then it is contained in a smooth
quartic. The analogous statement in the context of a cubic threefold Y would
be that such a curve C is contained in a smooth hyperquadric section. We
avoid such a statement (true, but quite delicate to prove), and we prove in-
stead by more elementary arguments that curves of small degree are always
contained in such a smooth hyperquadric section, without assuming a priori
that the blow-up is weak-Fano.
The paper is organised as follows.
In Section 1, we develop tools to show that if the blow-up of a curve
in a smooth threefold is weak-Fano, the type of the curve is in Lplane ∪
Lquadric, and belongs to a hyperplane section if and only if it is in Lplane (see
Proposition 1.13). This is done first by recalling basic facts in §1.1, then
describing curves of small degree in cubic threefolds in §1.2, and showing
that the curves that yield weak-Fano threefolds are of small degree in §1.3.
The case of curves in hyperplane section is studied in §1.4, and the proof of
Proposition 1.13 is then achieved in §1.5.
In Section 2, we do the converse. We take a curve of type in Lplane ∪
Lquadric, assume that it is not in a hyperplane section if (g, d) ∈ Lquadric,
and moreover that it has no 3-secant line if it is of type (0, 5). We then show
that the blow-up is weak-Fano, by proving first that the curve lies inside a
nice surface (in most cases, a Del Pezzo surface of degree 4), and then that
it is contained in a smooth hyperquadric section (§2.1 and §2.2). The fact
that the open subset corresponding to curves without any 3-secant line is
not empty is established in §2.3, by constructing examples in special singular
hyperquadric sections. This leads to the proof of Theorem A (§2.4), that
we complement with a description of the Sarkisov links associated with the
blow-ups of such curves (§2.5).
Section 3 is devoted to the proof of Propositions B and C. After recalling
some basic notions in §3.1, we prove the existence of birational transforma-
tions of smooth cubic threefolds of arbitrary genus in §3.2, and finish our
article with §3.3, which describes the construction of pseudo-automorphisms
associated with the curves of type (2, 6).
The authors thank Yuri Prokhorov for interesting discussions during the
preparation of the article.
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1. Curves leading to weak-Fano threefolds belong to the lists
In the next sections (§1.1–§1.4), we give conditions on a smooth curve
C ⊂ Y in a smooth cubic threefold that are necessary for the blow-up of Y
along C to be weak-Fano. These will be summarised in §1.5: We prove in
Proposition 1.13 that (g, d) ∈ Lplane if C is contained in a hyperplane section,
and that (g, d) ∈ Lquadric if C not contained in a hyperplane section.
1.1. Preliminaries. This section is devoted to reminders of some results
that we shall need in the sequel.
Let Z be a smooth projective variety (we have in mind Z = Pn, or Z ⊂ P4
a cubic hypersurface), and let C ⊂ Z be a smooth curve. Let X → Z be
the blow-up of C in Z, with exceptional divisor E. We say that another
(irreducible) curve Γ ⊂ Z is n-secant to C if the strict transform Γ˜ of Γ in
X satisfies E · Γ˜ ≥ n. The multiplicity of Γ as a n-secant curve to C is the
binomial coefficient
(
E·Γ˜
n
)
. The following is a basic observation.
Lemma 1.1. Let C ⊂ Y ⊂ P4 be a smooth curve in a smooth cubic threefold,
and consider π : X → Y the blow-up of C. If Γ is a curve of degree n which
is m-secant to C, then
−KX · Γ˜ ≤ 2n −m.
Proof. The result follows from the ramification formula KX = π
∗KY + E,
together with −KY ∼ 2H where H is a hyperplane section. 
Observe in particular that if C admits a 2-secant line (resp. a 3-secant
line), then the blow-up X will not be Fano (resp. weak-Fano). We mention
now two results from [HRS05] about n-secant lines. The first one is analogue
to the classical formula of Cayley that counts the number of 4-secant lines
to a curve in P3. The second one is about rational quintic curves, which will
prove to be one of the most delicate cases in our study.
Lemma 1.2 ([HRS05, Lemma 4.2]). Let C ⊂ Y ⊂ P4 be a smooth curve of
genus g and degree d in a smooth cubic threefold. Let
N =
5d(d − 3)
2
+ 6− 6g.
If C does not admit infinitely many 2-secant lines in Y , and N ≥ 0, then N
is the number of 2-secant lines to C in Y , counted with multiplicity.
We should mention that in the case of a line the previous lemma gives
N = 1, which does not fit well with our explicit definition of n-secant and
multiplicity. One can take it as a convention that in this case the line should
be considered as a 2-secant line to itself with multiplicity 1.
Lemma 1.3 ([HRS05, Corollary 9.3]). Let C ⊂ P4 be a smooth rational
quintic curve, and assume that C is not contained in a hyperplane. Then
there exists a unique 3-secant line to C in P4.
6 JE´RE´MY BLANC AND STE´PHANE LAMY
The following lemma is classical (see [IP99, Lemma 2.2.14]), and gives the
first basic inequality on the pair (g, d). It is analogue to the fact that the
blow-up of at least 9 points in P2 is never weak-Fano.
Lemma 1.4. Let C ⊂ Y be a smooth curve of genus g in a smooth threefold,
and let π : X → Y be the blow-up of C. Denote by E the exceptional divisor.
Then
K2X ·E = −KY · C + 2− 2g;
(−KX)3 = (−KY )3 + 2KY · C − 2 + 2g.
In particular, if Y ⊂ P4 is a smooth cubic and C ⊂ Y is a smooth curve of
genus g and degree d, then
K2X ·E = 2 + 2d− 2g;
(−KX)3 = 22− 4d+ 2g;
and (−KX)3 > 0⇐⇒ 2(d − 5) ≤ g.
We shall use the following direct consequence of the Riemann-Roch for-
mula, in order to decide when the curve is contained in a hyperplane or a
hyperquadric.
Lemma 1.5. Let C ⊂ P4 be a smooth curve of genus g and degree d.
(1) If d > 2g − 2, then the projective dimension of the linear system of
hyperplanes that contain C is at least equal to 3− d+ g.
(2) If 2g − 4 ≥ d ≥ 2g − 2 and g ≥ 2, then the projective dimension of
the linear system of hyperplanes that contain C is at least equal to
2− d+ g.
(3) In particular, if C ⊂ P4 is a smooth curve of genus g and degree d,
with (g, d) ∈ Lplane ∪ { (2, 5), (3, 6) } then C is contained in a hyper-
plane section.
(4) If d > g − 1, then the projective dimension of the linear system of
quadrics that contain C is at least equal to 13−2d+ g. In particular
if (g, d) ∈ Lquadric, then C is contained in a pencil of hyperquadric
sections.
Proof. Let m ∈ {1, 2} and let D be the divisor of a hyperplane section
restricted to C. By the Riemann-Roch formula
ℓ(mD)− ℓ(KC −mD) = md+ 1− g.
In cases (1) and (4), by assumption md > 2g − 2 hence ℓ(KC −mD) = 0
and ℓ(D) = md − g + 1. But the vectorial dimensions of the systems of
hyperplanes and quadrics in P4 are respectively 5 and 15, hence the vecto-
rial dimensions of the systems of hyperplanes or quadrics containing C are
respectively 4− d+ g and 14− 2d+ g.
In case (2), if ℓ(KC −D) ≤ 1, then ℓ(D) ≤ d+ 2− g. Since the vectorial
dimension of the system of hyperplanes is 5, the vectorial dimension of the
system of hyperplanes containing C is then at least 3 − d + g. It remains
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to show that ℓ(KC − D) ≥ 2 is not possible. The degree of the divisor
KC − D is equal to 2g − 2 − d, which belongs to {0, 1, 2} by hypothesis.
Since g ≥ 2, the only possibility is then that deg(KC −D) = ℓ(KC −D) = 2
and that |KC − D| induces a double covering C → P1; in particular, C is
hyperelliptic. The divisor that yields the double covering is the unique g12
and KC is linearly equivalent to (g − 1) · g12 [Har77, Proposition 5.3], so
D ∼ (g − 2) · g21 . This is impossible because D is very ample and KC is not
very ample [Har77, Proposition 5.2]. 
1.2. Curves of small degree in P4. In this section, we give some condi-
tions on the genus and degree of a curve in P4, and then apply this to the
case of curves of small degree that lie in smooth cubic threefolds.
We first recall the classical Castelnuovo’s bound on non-degenerate smooth
curves of Pn ([Cas93], see also [GH78, p.252]):
Proposition 1.6. Let C ⊂ Pn be a smooth curve of genus g and degree d
which is not contained in a hyperplane, and write the Euclidean division
d− 1 = (n− 1)m+ ε,
where m ≥ 0 and ε ∈ {0, . . . , n− 1}. Then
g ≤ (n− 1)m(m− 1)/2 +mε.
Reducing to the cases of n = 3, 4 we obtain the following:
Corollary 1.7.
(1) If C ⊂ P3 be a smooth curve of genus g and degree d which is not
contained in a plane, then
g ≤
⌊
d2
4
⌋
− d+ 1.
(2) If C ⊂ P4 be a smooth curve of genus g and degree d which is not
contained in a hyperplane, then we have the better bound
g ≤
⌊
d(d− 5)
6
⌋
+ 1 ≤
⌊
d2
4
⌋
− d+ 1.
Proof. (1) Applying Proposition 1.6 to the case n = 3 we obtain d− 1 =
2m+ε and g ≤ m(m−1+ε). It remains to see thatm(m−1+ε) = ⌊d24 ⌋−d+1,
which follows from the following equality
d2
4
− d+ 1 = (2m+ ε+ 1)(2m+ ε− 3) + 4
4
= m(m− 1 + ε) + (1− ε)
2
4
.
(2) Similarly, we apply Proposition 1.6 to the case n = 4 and obtain
d− 1 = 3m+ ε and g ≤ 3m(m− 1)/2 +mε. We then observe that 3m(m−
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1)/2 +mε is equal to ⌊d(d−5)6 ⌋+ 1:
d(d− 5)
6
+ 1 =
(3m+ ε+ 1)(3m + ε− 4) + 6
6
=
3m(m− 1)
2
+mε+
(1− ε)(2 − ε)
6
. 
Using Castelnuovo’s bound, we now obtain all possible values for the
genus of a curve of small degree d ≤ 6 in a smooth cubic threefold:
Lemma 1.8. Let Y ⊂ P4 be a smooth cubic hypersurface.
(1) If C ⊂ Y is a smooth curve of degree d ≤ 6 and genus g, then
g ≤ τ(d), where τ(d) is given in the following table.
d 1 2 3 4 5 6
τ(d) 0 0 1 1 2 4
In particular, (g, d) ∈ Lplane ∪ Lquadric ∪ {(2, 5), (0, 6), (1, 6), (3, 6)}.
(2) For each pair (g, d) such that 1 ≤ d ≤ 6 and 0 ≤ g ≤ τ(d), and
for each smooth hyperplane section S ⊂ Y , there exists a smooth curve
C ⊂ S ⊂ Y of genus g and degree d.
Proof. Suppose first that C is contained in a plane. Since Y does not contain
any plane (a classical fact which can be easily checked in coordinates), then C
is of degree at most 3, hence (g, d) ∈ {(0, 1), (0, 2), (1, 3)}.
Assume now that C is not contained in a plane and that d ≤ 6. By Propo-
sition 1.6 we get g ≤ ⌊d24 ⌋−d+1 ≤ τ(d). This achieves to prove Assertion (1).
In order to prove (2), we view the smooth cubic surface S as the blow-
up of P2 at six points p1, . . . , p6. The Picard group of S is generated by
L,E1, . . . , E6, where L is the pull-back of a general line and Ei is the ex-
ceptional curve contracted onto pi for each i. We choose a curve D ⊂ P2 of
degree k having multiplicity mi at pi, so that the strict transform C ⊂ S,
equivalent to C˜ ∼ kL −∑miEi, is smooth. The hyperplane section being
equivalent to −KS = 3L−
∑
Ei, the degree and genus of C are equal to
g = (k−1)(k−2)2 −
∑ mi(mi−1)
2 , d = 3k −
∑
mi.
It is then an easy exercise to produce the desired curves:
We choose D to be a conic through l of the pi, with 0 ≤ l ≤ 5 and obtain
pairs (0, d) with 1 ≤ d ≤ 6.
With a smooth cubic passing through l of the pi, 0 ≤ l ≤ 6 we obtain
pairs (1, d) with 3 ≤ d ≤ 9.
Taking a quartic having a double point at p1 and passing through l other
pi, 0 ≤ l ≤ 5, we obtain pairs (2, d) with 5 ≤ d ≤ 10.
Smooth quartics yield pairs (3, d) with 6 ≤ d ≤ 12.
The pair (4, 6) is the complete intersection of S with a general quadric,
and corresponds to sextics with 6 double points at the pi. 
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1.3. Curves that yield a weak-Fano threefold have small degree.
In this section, we prove that if a smooth curve C of genus g and degree d
gives rise to a weak-Fano threefold after blow-up, then (g, d) must belong
to the list Lplane ∪Lquadric∪{(2, 5), (3, 6)}. The two last possibilities will be
removed in the next section (Proposition 1.12).
We shall need the following classical (but difficult) result about the anti-
canonical linear system on a weak-Fano threefold.
Proposition 1.9. Let X be a smooth weak-Fano threefold. Then
dim|−KX | = 1
2
(−KX)3 + 2 ≥ 3
and the general member of |−KX | is an irreducible K3-surface (in particular
the base locus of |−KX | has at most dimension 1).
Proof. The first assertion is a direct consequence of the Riemann-Roch for-
mula for threefolds (see e.g. [Har77, p. 437]) and Kawamata-Viehweg van-
ishing ([Laz04, Theorem 4.3.1]). For the second assertion, see [Shi89, The-
orem (0.4)]. 
Proposition 1.10. Let C ⊂ Y be a smooth curve of genus g and degree d
in a smooth cubic threefold. Assume that the blow-up X of Y along C is a
weak-Fano threefold. Then d ≤ 6, and (g, d) is given in the following table
d 1 2 3 4 5 6
g 0 0 0, 1 0, 1 0, 1, 2 2, 3, 4
In other words, with the notation of the introduction,
(g, d) ∈ Lplane ∪ Lquadric ∪ {(2, 5), (3, 6)}.
Proof. The linear system |−KX | corresponds on Y to hyperquadric sections
through C. By Proposition 1.9, the curve C is contained in a 2-dimensional
linear system of hyperquadric sections, which has no fixed component, hence
d ≤ 8. Since a general hyperquadric section through C is irreducible, if C
is also contained in a hyperplane section, then we immediately get d ≤ 6.
Otherwise, by Corollary 1.7 and Lemma 1.4 we have
2(d − 5) ≤ g ≤
⌊
d(d− 5)
6
⌋
+ 1,
which yields
0 ≤ d(d− 5)
6
+ 1− 2(d− 5) = (d− 6)(d− 11)
6
.
Hence, d ∈ {7, 8} is not possible. We get the list of possible (g, d) from
Lemma 1.8, by removing the cases (0, 6) and (1, 6), which do not satisfy the
condition 2(d− 5) ≤ g. 
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1.4. Curves contained in a hyperplane section. In this section, we
show that if the blow-up of a smooth cubic threefold Y along a smooth
curve C ⊂ Y of type (g, d) is weak-Fano, and C is contained in a hyperplane
section, then (g, d) ∈ Lplane. This implies that the possibilities for (g, d),
without the assumption to be in a hyperplane, are Lplane ∪ Lquadric.
Note that a hyperplane section is an irreducible and reduced cubic sur-
face S, which is smooth in general but can also have singularities. For
instance it can have double points or be the cone over a smooth cubic.
Lemma 1.11 treats the case of smooth hyperplane sections and is used for
the general case, treated in Proposition 1.12.
Lemma 1.11. Let C ⊂ S ⊂ P3 be a smooth curve of genus g and degree d
in a smooth cubic surface S. If there is no 3-secant line of C to S, then
(g, d) ∈ { (0, 1), (0, 2), (0, 3), (1, 3), (1, 4), (4, 6) } = Lplane.
Moreover, all possibilities occurs in each smooth cubic surface.
Proof. Choosing six disjoint lines E1, . . . , E6 ⊂ S, we obtain a birational
morphism S → P2 that contracts the six curves onto six points p1, . . . , p6.
We denote by L ∈ Pic(S) the pull-back of a general line. If C is equal to one
of the six lines E1, . . . , E6, then (g, d) = (0, 1). We can thus assume that the
curve C is the strict transform of a curve of P2 of degree k having multiplicity
m1, . . . ,m6 at the points p1, . . . , p6. Hence, C ∼ kL−
∑
aiEi. We take then a
set of six lines such that the integer k is minimal and order the lines such that
m1 ≥ · · · ≥ m6. This implies that k ≤ m1+m2+m3. Indeed, otherwise the
contraction of the six curves L−E1−E2, L−E1−E3, L−E2−E3, E4, E5, E6
would yield a curve of P2 of degree 2k −m1 −m2 −m3 < k.
As there is no 3-secant line to C, we have ai = C · Ei ≤ 2 for each i.
Moreover, C · (L−E5−E6) ≤ 2 and C · (2L−E2−E3−E4−E5−E6) ≤ 2
and in particular k ≤ 6. These conditions, together with k ≥ m1+m2+m3
yield the following five solutions
g d k (m1, · · · ,m6)
0 2 1 (1, 0, 0, 0, 0, 0)
0 3 1 (0, 0, 0, 0, 0, 0)
1 3 3 (1, 1, 1, 1, 1, 1)
1 4 3 (1, 1, 1, 1, 1, 0)
4 6 6 (2, 2, 2, 2, 2, 2)
These, together with the lines Ei, correspond to the elements of Lplane. As
explained in Lemma 1.8, each of these exists on any smooth cubic surface.

Proposition 1.12. Let Y ⊂ P4 be a smooth cubic hypersurface and let
C ⊂ Y be a smooth curve of genus g and degree d, such that one of the
following holds:
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(1) (g, d) ∈ {(2, 5), (3, 6)};
(2) (g, d) ∈ Lquadric and C is contained in a hyperplane section.
Then C is contained in a unique hyperplane section S ⊂ Y , and there exists
a 3-secant line to C inside S. In particular, if X → Y is the blow-up of C,
then −KX is big but not nef.
Proof. In case (1), the fact that C is contained in a hyperplane section
S ⊂ Y follows from Lemma 1.5(3). In case (2), it is given by hypothesis.
The hyperplane, and thus the surface S, is unique since d > 3.
It is known (since either g + 3 ≤ d or g + 9 ≤ 2d ≤ 22, see [Guf04]) that
the Hilbert scheme HSg,d parametrising the smooth curves of such genus g
and degree d in P3 is irreducible. We denote by W the projective space
parametrising cubics of P3, and consider the closed subset Z ⊂ HSg,d ×W
consisting of pairs (D,S) where D ⊂ S. We then denote by Z3 ⊂ Z the
subset of pairs (D,S) such that D admits a 3-secant line contained in S.
The set Z3 is closed in Z, and it remains to show that Z3 = Z.
Denote by U ⊂ Z the open set of pairs (D,S) where S is a smooth
cubic. Lemma 1.11 implies that U ⊂ Z3. It remains then to see that Z is
irreducible. SinceW is projective, the projection HSg,d×W →HSg,d is closed.
The restriction to the closed subset Z is then a closed surjective morphism
Z → HSg,d. The image being irreducible and the fibres too (it is a linear
subspace of W ), the variety Z is also irreducible. 
1.5. Summary of necessary conditions. We can now summarise the
results obtain in §1.1–§1.4 and obtain a part of the proof of Theorem A(1).
Proposition 1.13. Let Y ⊂ P4 be a smooth cubic threefold and let C ⊂ Y
be a smooth curve of type (g, d) such that the blow-up X → Y of Y along C
is weak-Fano. Then, the following hold:
(1) If C is contained in a hyperplane section, then (g, d) ∈ Lplane.
(2) If C is not contained in a hyperplane section, then (g, d) ∈ Lquadric.
Moreover, there is no 3-secant line to C in Y .
Proof. According to Proposition 1.10, the pair (g, d) belongs to Lplane ∪
Lquadric ∪ {(2, 5), (3, 6)}. If C is contained in a hyperplane section, Proposi-
tion 1.12 shows that (g, d) /∈ Lquadric ∪ {(2, 5), (3, 6)}. If C is not contained
in a hyperplane section, (g, d) /∈ Lplane ∪ {(2, 5), (3, 6)} by Lemma 1.5(3).
Moreover, there is no 3-secant line to C in Y since the strict transform of
such a curve would intersect −KX negatively. 
2. Curves of type (g, d) ∈ Lplane ∪Lquadric and proof of Theorem A
In Section 1, we showed that curves that yield a weak-Fano threefold are of
type (g, d) ∈ Lplane∪Lquadric, do not have any 3-secant line and are contained
in a hyperplane section if and only if (g, d) ∈ Lplane. In this section, we do
the converse and show that each curve that satisfies these conditions yield
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a weak-Fano threefold. This will lead to the proof of Theorem A, done in
§2.4–2.5.
2.1. Fano case. First we treat the two elementary cases (g, d) ∈ {(0, 1), (1, 3)},
which yield Fano threefolds.
Lemma 2.1. Let C ⊂ Y ⊂ P4 be a smooth curve in a smooth cubic threefold,
and consider π : X → Y the blow-up of C. Suppose that
(1) the linear system |−KX | is non empty and has no fixed component;
(2) (−KX)3 > 0;
(3) −KX · Γ > 0 for any curve Γ ⊂ X.
Then X is a Fano threefold.
Proof. The Nakai-Moishezon criterion (see [Laz04]) asserts that −KX is
ample if and only if (−KX)3 > 0, (−KX)2 · S > 0 and −KX · Γ > 0 for
any surface S ⊂ X and curve Γ ⊂ X. But since we assume |−KX | without
fixed component, −KX · S is equivalent to an effective 1-cycle, hence the
condition on curves is enough. 
Proposition 2.2. Let C ⊂ Y ⊂ P4 be a smooth curve of genus g and
degree d in a smooth cubic threefold, and let π : X → Y the blow-up of C.
If (g, d) = (0, 1) or (1, 3), then X is a Fano threefold.
Proof. In both cases, X is a threefold with Picard number 2, which admits
a fibration σ : X → Z. Precisely, when C is a line, consider the family of
2-dimensional plane of P4 containing C. Each such plane defines a residual
conic on Y , and this family is parametrised by P2. So here Z = P2, and σ
is a conic bundle. On the other hand, if C is a plane elliptic curve, C is the
complete intersection of two hyperplanes sections on Y . The family of hyper-
plane sections containing C (or equivalently, containing the 2-dimensional
plane containing C) is parametrised by Z = P1, and here σ is a Del Pezzo
fibration of degree 3.
The class of a curve contracted by π or σ is extremal in the cone NE(X)
of effective curves on X, and since this cone is 2-dimensional, such curves
generate NE(X). Moreover any such curve Γ (a fibre of the exceptional
divisor, a residual conic or a curve in a hyperlane section) satisfies −KX ·
Γ > 0. The linear system |−KX | is base-point free in both cases, and by
Lemma 1.4 we have (−KX)3 > 0. So we conclude by Lemma 2.1. 
2.2. Existence of smooth hyperquadric sections. In this section, we
take a smooth curve C of type (g, d), either with (g, d) ∈ Lplane, or with
(g, d) ∈ Lquadric and the extra assumptions that C is not in a hyperplane and
does not have a 3-secant line (in the case (0, 5)). Then, we shall show that
C is always contained in a smooth hyperquadric section, that the blow-up of
C is weak-Fano, and has an anti-canonical linear system without base-point.
First we treat two special cases, which correspond to the complete inter-
sections of Y with two hyperplanes or with a hyperplane and a quadric.
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Proposition 2.3. Let C ⊂ Y be a smooth curve of genus g and degree d in
a smooth cubic threefold, with (g, d) ∈ {(1, 3), (4, 6)}. Denoting by X → Y
the blow-up of Y along C, the following assertions hold:
(1) The linear system of hyperquadric sections of Y through C has no
base-point outside C and has a general member which is smooth.
(2) The linear system |−KX | has no base-point and has a general mem-
ber which is smooth.
(3) The threefold X is weak-Fano.
Proof. By Lemma 1.5, the curve C is contained in a surface S = H ∩W ,
where H ⊂ P4 is a hyperplane and W ⊂ P4 is a hyperplane or a quadric, in
case (g, d) = (1, 3) or (g, d) = (4, 6) respectively.
Since S ∩ Y has degree d, we have C = S ∩ Y . This implies in particular
that any quadric of P4 passing through C also contains S, but also, since C
is smooth, that the intersection H ∩W ∩ Y is transversal at each point of
C. In particular, W is smooth along C.
Let Λ be the linear system of quadrics of P4 passing through C. We
now show that the base-locus of Λ is equal to S. If (g, d) = (1, 3) this is
because Λ contains all elements of the form H ′+H ′′, where H ′,H ′′ are two
hyperplanes, one of them containing the plane S. If (g, d) = (4, 6), this is
because it contains W and all elements of the form H +H ′, where H ′ is any
hyperplane.
In particular, the linear system ΛY = Λ|Y of hyperquadric sections of Y
containing C has no base-point outside C = S ∩ Y . By Bertini’s Theorem,
this implies that a general member of ΛY is smooth outside of C, and then
that a general member of |−KX | is smooth outside of the exceptional divisor.
It remains to show that a general member of ΛY is in fact smooth at every
point of C, and that |−KX | has no base-point. This will yield (2) and that
−KX is nef, hence big since (−KX)3 = 22− 4d+2g > 0, which implies (3).
Suppose that (g, d) = (1, 3), and take coordinates [v : w : x : y : z] on
P
4 such that H and W are given by v = 0 and w = 0 respectively. We can
assume that [0 : 0 : 1 : 0 : 0] /∈ C, and see that the quadric Q ⊂ P4 given
by vz + wy = 0 has tangent bw + cv = 0 at a point [0 : 0 : a : b : c]. In
particular Q ∩ Y is smooth at any point of C since Y is transversal to the
plane S given by v = w = 0. This provides a member of ΛY which is smooth
along C. Moreover, changing the equation of Q (by taking vy + µwz = 0,
µ ∈ C for instance), the tangent of the elements of Λ at a point p ∈ C cover
all hyperplanes of TpP
4 containing TpS. Again, as Y is transversal to C,
this implies that |−KX | has no base-point on the fibre above p.
The remaining case is (g, d) = (4, 6). In this case,W is a quadric transver-
sal to Y along C, so W |Y yields a member of ΛY which is smooth along C.
Fixing a point p ∈ C, we can take elements of the form H +H ′, where H ′
is a hyperplane away from p, and obtain an element of ΛY that is smooth
at p, with tangent corresponding to H. Since C = H ∩W ∩ Y is smooth
at p, this implies that the system |−KX | has no base-point above p. 
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For the other cases, our strategy consists of showing first that the curve
is contained in the smooth intersection of two quadrics of P4, that gives a
Del Pezzo surface of degree 4 (Proposition 2.6). This will be used to show
the existence of smooth hyperquadric sections in Proposition 2.7.
In order to show the existence of the Del Pezzo surface, we first need two
lemmas about the possible embeddings of curves from the list Lquadric in P4.
Lemma 2.4. Let C, C˜ ⊂ P4 be smooth curves of genus g and degree d and
let H be a general hyperplane section of C. We assume:
(1) Either (g, d) = (1, 4), or (g, d) ∈ { (1, 5), (2, 6) } and C is not con-
tained in a hyperplane.
(2) There exists an isomorphism ϕ : C → C˜ that sends H to a hyperplane
section of C˜.
Then there exists an isomorphism of P4 that extends ϕ.
Proof. By Riemann-Roch’s formula we have |H| ≃ Pd−g on C. In particular
in cases (g, d) = (1, 5) or (2, 6) we have a one-to-one correspondence between
elements of |H| and hyperplanes in P4, since we assume that C is not con-
tained in a hyperplane. Thus the isomorphism H ′ ∈ |H| 7→ ϕ(H ′) ∈ |ϕ(H)|
corresponds to the expected automorphism of P4.
In the case (g, d) = (1, 4) this is the same argument, working with the
three-dimensional system of planes in the unique P3 containing C. 
The case of a curve of type (0, 5) needs more assumptions, since in this
case the restriction of the linear system of hyperplanes is not complete. We
will also need Lemma 1.3, which says that each such curve admits a unique
3-secant in P4.
Lemma 2.5. Let C, C˜ ⊂ P4 be smooth rational curves of degree 5, and let
ϕ : C → C˜ be an isomorphism. Let M,M˜ be the 3-secant lines to C and C˜
respectively, and let L, L˜ be 2-secant lines disjoint from M and M˜ . Denote
by π, π˜ : P4 99K P2 the projections from L and L˜. Assume
(1) π|C = π˜ ◦ ϕ;
(2) ϕ(M ∩ C) = M˜ ∩ C˜ and ϕ(L ∩ C) = L˜ ∩ C˜.
Then there exists an automorphism of P4 that extends ϕ.
Proof. Up to composition by an automorphism of P4, we can assume that
M = M˜ = {[0 : 0 : 0 : x3 : x4]};
L = L˜ = {[x0 : x1 : 0 : 0 : 0]}.
and M ∩C = M˜ ∩ C˜, L∩C = L˜∩ C˜. Moreover, up to choosing coordinates
of P2, both maps π, π˜ can be chosen to be
[x0 : x1 : x2 : x3 : x4] 799K [x2 : x3 : x4].
Let ν, µ : P1 → P4 be parametrisations of C, C˜ such that µ = ϕ◦ν. Let f2
(resp. f3) be a homogeneous polynomial in C[u, v] of degree 2 (resp. 3), the
roots of which correspond to the points of P1 sent to C ∩ L (resp. M ∩ C).
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Now we have
ν : [u : v] ∈ P1 7→ [f3a2 : f3b2 : f3f2 : g3f2 : h3f2],
µ : [u : v] ∈ P1 7→ [f3a′2 : f3b′2 : f3f2 : g′3f2 : h′3f2],
for some homogeneous polynomials a2, a
′
2, b2, b
′
2, g3, g
′
3, h3, h
′
3, where the sub-
script corresponds to the degree. Since we assume π = π˜◦ϕ, we have g3 = g′3
and h3 = h
′
3.
The projections of C and C˜ from the 3-secant correspond to the projec-
tion on the first 3 coordinates, and yields a smooth conic. Choosing an
automorphism of P2 on the first three coordinates, that fix the third one,
we obtain that the two parametrisations of smooth conics
[u : v] 7→ [a2 : b2 : f2] and [u : v] 7→ [a′2 : b′2 : f2]
are the same. 
Proposition 2.6. Let C ⊂ P4 be a smooth curve of genus g and degree d,
such that one of the following holds:
(1) (g, d) ∈ { (0, 1), (0, 2), (0, 3), (1, 4) } = Lplane r { (1, 3), (4, 6) }.
(2) (g, d) ∈ { (0, 4), (0, 5), (1, 5), (2, 6) } = Lquadric and C is not con-
tained in a hyperplane.
Then the curve C is contained in a Del Pezzo surface S ⊂ P4 of degree 4,
smooth intersection of two quadrics in P4. Moreover, we can choose a bi-
rational morphism S → P2, blow-up of five points p1, . . . , p5, such that the
curve C is the strict transform of a curve of degree k with multiplicity mi
at pi, according to Table 1.
g d k (m1, . . . ,m5)
0 1 2 (1, 1, 1, 1, 1)
0 2 2 (1, 1, 1, 1, 0)
0 3 2 (1, 1, 1, 0, 0)
0 4 2 (1, 1, 0, 0, 0)
0 5 3 (2, 1, 1, 0, 0)
1 4 3 (1, 1, 1, 1, 1)
1 5 3 (1, 1, 1, 1, 0)
2 6 4 (2, 1, 1, 1, 1)
Table 1.
Proof. Recall the following classical fact. If π : S → P2 is the blow-up of
five points, such that no three are collinear, then S is a Del Pezzo surface
of degree 4 and the anticanonical morphism yields a closed embedding S →
P
4, which is the smooth intersection of two smooth quadric hypersurfaces.
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Moreover, every smooth intersection of two quadrics surface is obtained by
this way.
Denoting by E1, . . . , E5 ⊂ S the exceptional divisors contracted by π and
by L the pull-back of a general line, the divisors kL − ∑miEi given in
Table 1 yield the desired pairs (g, d) in P4. It remains to see that C is given
by one of these divisors, in some Del Pezzo surface of degree 4.
If (g, d) ∈ {(0, 1), (0, 2), (0, 3), (0, 4)}, this is because the curve is unique up
to automorphisms of P4 (by hypothesis, C is not contained in a hyperplane
in the case (0, 4)).
In the other cases, we use the fact that S → P2 corresponds to the pro-
jection of P4 from the line corresponding to the strict transform of the conic
through p1, . . . , p5. Our strategy is then to choose a general line L ⊂ P4 hav-
ing the correct intersection with C, project from it and choose some points
in P2 according to the numerology in Table 1.
If (g, d) ∈ (1, 5), we project from a 2-secant line L of C and obtain a
rational map π : P4 99K P2. We claim that the restriction of π to C is
birational. Indeed, the curve is not in a hyperplane so the image C ′ is a
curve of degree ≥ 2; the degree of C ′ times the degree of the map being
3, we find that C ′ is a cubic and the restriction is birational. The genus
of C being 1, the curve C ′ is smooth and π restricts to an isomorphism
C → C ′. Let q1, q2 ∈ C ′ be the image of the two points of L∩C, let D′ ⊂ P2
be a general conic through q1, q2 and denote by p1, . . . , p4 the points such
that C ′ ∩D′ = {q1, q2, p1, . . . , p4}. We then choose a general point p5 of D′,
denote by κ : S → P2 the blow-up of p1, . . . , p5 and see the Del Pezzo surface
S as a surface of degree 4 in P4, via the anticanonical morphism. Writing as
before Ei = κ
−1(pi), for i = 1, . . . , 5 and denoting by L˜ ∈ PicS the divisor
corresponding to a line of P2, the strict transform C˜ ⊂ S of the curve C ′ is
linearly equivalent to 3L˜−∑4i=1Ei as desired.
Now observe that L˜ + D˜ = L˜ + (2L˜ −∑5i=1Ei) = 3L˜ −∑5i=1Ei is an
hyperplane section of S. Restricting to C˜ we obtain that L˜|C˜ + D˜|C˜ =
L˜|C˜ + κ−1(q1)+κ−1(q2) is a hyperplane section. This corresponds via κ−1π
to the restriction of a hyperplane through L to C ⊂ P4. So we can apply
Lemma 2.4 and obtain that C and C˜ are projectively equivalent; in particular
the curve C is also contained in a smooth Del Pezzo surface of degree 4.
The same kind of argument works with (g, d) ∈ {(1, 4), (2, 6)}, we briefly
explain the slight differences. For (2, 6), we also choose a 2-secant line L and
get a curve C ′ ⊂ P2 of degree 4, with a double point p1, if the restriction
to C is birational. If it is not birational, then it is a double covering over a
conic of P2, which implies that the restriction of the linear system to C is
equivalent to |2KC |, since KC is the unique divisor of degree 2 that gives a
double covering. Hence, L|C + 2KC is linearly equivalent to the system of
hyperplanes. Choosing a general 2-secant line avoids this situation, since the
divisors of degree 2 are not all equivalent. We then choose a general conic
D′ through p1, q1, q2, and the intersection with C
′ yields then four other
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points p2, . . . , p5. On the blow-up we again get D˜ ∩ Γ˜ = {κ−1(q1), κ−1(q2)},
so the same argument works. For (1, 4), we choose a 1-secant line L which
is not contained in the hyperplane containing C and get a smooth cubic
curve C ′ ⊂ P2. We then choose a general conic D′ through the point q1
corresponding to C ∩ L, and get five other points.
Now we consider the remaining case (g, d) = (0, 5). Recall from Lemma 1.3
that such a curve C admits a unique 3-secant line M in P4. We choose a
general 2-secant line L ⊂ P4 of C, and consider as before the projection
π : P4 99K P2 by L, which sends C onto a cubic curve C ′, with a double
point at p1 ∈ P2. Moreover, π sends M onto a line M ′ ⊂ P2. Denote by
q1, q2 ∈ C ′ the image of L ∩ C. Let D′ ⊂ P2 be a general conic through
p1, q1, q2, whose intersection with C
′ gives two other points p2, p3 ∈ P2 such
that C ′|D′ = 2p1+ q1+ q2+p2+p3. We then denote by p4, p5 the two points
of D′ ∩M ′. As before, we denote by κ : S → P2 the blow-up of p1, . . . , p5,
and see the Del Pezzo surface in P4. The strict transforms of C ′,M ′,D′ are
then equivalent to kL˜−∑miEi, according to the multiplicities of Table 2.
g d k (m1, . . . ,m5)
C ′ ∪M ′ 2 6 4 (2, 1, 1, 1, 1)
C ′ 0 5 3 (2, 1, 1, 0, 0)
M ′ 0 1 1 (0, 0, 0, 1, 1)
D′ 0 1 2 (1, 1, 1, 1, 1)
Table 2.
Then one can apply Lemma 2.5. 
Proposition 2.7. Let Y ⊂ P4 be a smooth cubic, and let C ⊂ Y be a smooth
curve of genus g and degree d, such that one of the following holds:
(i) (g, d) ∈ Lplane;
(ii) (g, d) ∈ Lquadric r {(0, 5)} and C is not contained in a hyperplane;
(iii) (g, d) = (0, 5), C is not contained in a hyperplane and the unique
3-secant line of C in P4 is not contained in Y .
Denoting by X → Y the blow-up of Y along C, the following assertions hold:
(1) The linear system of hyperquadric sections of Y through C has no
base-point outside C and has a general member which is smooth.
(2) The linear system |−KX | has no base-point and has a general mem-
ber which is smooth.
(3) The threefold X is weak-Fano.
Proof. We can assume (g, d) 6∈ {(1, 3), (4, 6)}, otherwise Proposition 2.3 ap-
plies directly.
Let Λ be the linear system of quadrics of P4 passing through C. We
denote by π : Pˆ4 → P4 the blow-up of C, and denote by Λˆ the linear system
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of hypersurface of Pˆ4 that correspond to strict transforms of elements of Λ.
Let us show that Λˆ is without base-point, except in the case (g, d) = (0, 5),
where its base-locus is the strict transform L˜ of the unique 3-secant line
L ⊂ P4 of C.
To show this, we use the fact that C is contained in a Del Pezzo surface S
of degree 4, intersection of two smooth quadricsQ1 andQ2 (Proposition 2.6).
We denote by ΛS = Λ|S the linear system ΛS of hyperquadric sections of S
containing C, and observe that the residual system R = ΛS−C (respectively
R = ΛS − C −D in the case (0, 5)) is base-point free. This can be checked
by looking at Table 3 (using the notation of Proposition 2.6). Indeed, conics
g d k (m1, . . . ,m5) R
0 1 2 (1, 1, 1, 1, 1) 4(1, 1, 1, 1, 1)
0 2 2 (1, 1, 1, 1, 0) 4(1, 1, 1, 1, 2)
0 3 2 (1, 1, 1, 0, 0) 4(1, 1, 1, 2, 2)
0 4 2 (1, 1, 0, 0, 0) 4(1, 1, 2, 2, 2)
0 5 3 (2, 1, 1, 0, 0) 2(0, 1, 1, 1, 1)
1 4 3 (1, 1, 1, 1, 1) 3(1, 1, 1, 1, 1)
1 5 3 (1, 1, 1, 1, 0) 3(1, 1, 1, 1, 2)
2 6 4 (2, 1, 1, 1, 1) 2(0, 1, 1, 1, 1)
Table 3.
of P2 through four points correspond to a pencil of conics of P4, which has
no base-point. All the above are sum of one such system with other base-
point-free systems.
This gives the desired result on the system Λˆ. Indeed, the strict transform
of Q1 and Q2 on Pˆ
4 are two elements of Λˆ, whose intersection is a surface S˜
isomorphic to S, and the restriction of Λˆ to S˜ corresponds to ΛS − C.
The blow-up X → Y of Y along C is naturally embedded into Pˆ4, and we
have |−KX | = Λˆ|X . In particular, the linear system |−KX | is base-point-
free: this is clear except in the case (g, d) = (0, 5), where we have to observe
that L˜ and X are disjoint. Indeed, denoting by E
Pˆ4
⊂ Pˆ4 the exceptional
divisor of π, we have L˜ ·E
Pˆ4
≥ 3 and X ≃ π∗(Y )− EP4, so L˜ ·X = 0. This
implies that the base-locus of ΛY = Λ|Y is equal to C, but also that −KX
is nef. By Lemma 1.4 we have (−KX)3 = 22 − 4d + 2g > 0. Thus X is
weak-Fano.
By Bertini’s Theorem, a general member of ΛY is smooth outside of C.
It remains to show that a general member of ΛY is smooth at every point
of C, this will imply that a general member of |−KX | is smooth.
We assume that p ∈ C is a singular point of a hyperquadric section Q∩Y .
This is equivalent to the equality TpQ = TpY as 3-dimensional vector spaces
of TpP
4. Since Q1 ∩Q2 is a smooth surface, we have TpQ1 6= TpQ2 for any
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p ∈ C, and by the same argument the same is true for any two members of
the pencil generated by Q1 and Q2. In particular we can have TpQ = TpY
only for a unique member Q of the pencil generated by Q1 and Q2: this
shows that the hypothetical singularity of the system ΛY is mobile along C.
In particular, the restriction of a general member of |−KX | to the excep-
tional divisor E has the form s +
∑
fi, where s is a section of E → C and
each fi is a fibre above a singular point. In particular this general member is
reducible hence singular. Since the fi are mobile, by Bertini’s Theorem this
is possible only if s is a fixed part of the linear system, which contradicts
the fact that |−KX | is base-point free. 
Let us summarise the results obtained so far:
Corollary 2.8. Let Y ⊂ P4 be a smooth cubic hypersurface, let C ⊂ Y be
a smooth curve of type (g, d) ∈ Lplane and let X → Y be the blow-up of C.
(1) If (g, d) ∈ { (0, 1), (1, 3) }, then X is Fano;
(2) If (g, d) ∈ { (0, 2), (0, 3), (1, 4), (4, 6) } = Lplane r { (0, 1), (1, 3) },
then X is weak-Fano.
(3) If (g, d) ∈ {(0, 4), (1, 5), (2, 6)} = Lquadric r {(0, 5)} and C is not
contained in a hyperplane then X is weak-Fano.
(4) If (g, d) = (0, 5), C is not contained in a hyperplane and the unique
3-secant line of C in P4 is not contained in Y , then X is weak-Fano.
Moreover, in all these cases, there exists a smooth hyperquadric section of Y
that contains C, and |−KX | has no base-point.
Proof. Case (1) was proved in Proposition 2.2. Case (2) is given by Propo-
sition 2.3. The two other cases are given by Proposition 2.7. The existence
of the smooth hyperquadric section is also provided by Propositions 2.3
and 2.7. 
Remark 2.9. Let Y ⊂ P4 be a smooth cubic and let C ⊂ Y be a smooth
curve of type (g, d) ∈ Lquadric.
(1) We have seen in Proposition 1.12 that the existence of a hyperplane
section containing C yields the existence of a line L ⊂ Y that is 3-secant
to C.
(2) Conversely, the existence of the 3-secant yields the existence of the
hyperplane section, if (g, d) 6= (0, 5) (Corollary 2.8).
(3) Since by Lemma 1.3 every non-degenerate curve of type (0, 5) in P4
admits a 3-secant line, this does not generalise to the case (g, d) = (0, 5).
2.3. Existence of curves in hyperquadric sections. In order to prove
Theorem A, it remains to show the existence of the four cases (g, d) ∈
Lquadric, when C lies in a hyperquadric section but not in a hyperplane sec-
tion. The aim of this section is to produce examples of such smooth curves
that give rise to a nef anticanonical divisor after blow-up. The point here
is to show that the open set in Theorem A(2)(ii) is not empty. We shall
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produce these curves by considering singular rational hyperquadric surfaces.
The following result is classical, we recall the proof for sake of complete-
ness.
Lemma 2.10. Let Y ⊂ P4 be a smooth cubic threefold. There exists a dense
open subset U ⊂ Y such that for each point p ∈ Y , the following hold:
(1) The tangent hyperplane section at p is smooth outside of p and has a
simple double point at p;
(2) There are exactly six lines of Y that pass through p.
Proof. (1) We consider the Gauss map κ : Y → (P4)∨ that sends a point
onto the corresponding tangent hyperplane. Since Y is smooth, κ is a regular
morphism. Moreover, κ is given by the first derivatives of the equation of Y ,
and is then the restriction of a rational map P4 → (P4)∨ of degree 2. The
Picard group of Y is ZH, where H is a hyperplane section, and the linear
system given by κ consists then of a subsystem of |2H|, so any member
of this system is ample on Y . Hence, the restriction to any curve of Y is
positive, which implies that no curve of Y is contracted by κ, so the closure
of κ(Y ) is a hypersurface Y ∨ ⊂ (P4)∨. The Gauss map associated to Y ∨
yields then a morphism from the smooth locus of Y ∨ to Y , which is the
inverse of κ. Hence, κ is a birational map from Y to Y ∨. This shows that
the tangent hyperplane to a general point of Y is not tangent to any other
point, and thus is smooth outside of p.
The subset U of Y where κ is locally injective is given by the points where
the determinant of the Hessian matrix associated to the equation of Y is not
zero. Since κ is a birational map from Y to Y ∨, the open set U is dense
in Y . The non-vanishing of the determinant of the Hessian at a point p ∈ Y
also corresponds to the fact that the tangent hyperplane section at p has an
ordinary double point (as one can check by working in coordinates).
(2) We take a general point p ∈ Y , and choose coordinates [v : w : x : y :
z] on P4 such that p = [1 : 0 : 0 : 0] and that the tangent hyperplane section
is w = 0. The equation of Y is then
v2w + vF2(w, x, y, z) + F3(w, x, y, z) = 0,
where F2, F3 are homogeneous polynomials of degree 2 and 3 respectively.
The union of lines of Y through p is the union of points where v, F2 and F3
vanish. It remains to see that the fact that the hyperplane section v = 0 has
an ordinary double point at p and is smooth outside implies that the conics
and cubics of P2 given by F2(0, x, y, z) and F3(0, x, y, z) intersect in exactly
6 points.
The point p being ordinary double point of the quadric vF2(0, x, y, z) +
F3(0, x, y, z) = 0, the polynomial F2(0, x, y, z) is the equation of a smooth
conic. We assume for contradiction that F2(0, x, y, z) and F3(0, x, y, z) do
not intersect in exactly 6 points. Up to change of coordinates, we can thus
assume that F2(0, x, y, z) = x
2 − yz and that F3(0, uv, u2, v2) is divisible
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by u2. This implies that the cubic surface corresponding to the tangent
hyperplane section has equation
v(x2 − yz) + λyz2 + zR2(x, y) +R3(x, y),
where λ ∈ C and R2, R3 are homogeneous of degree 2 and 3 respectively.
But then the point [v : x : y : z] = [λ : 0 : 0 : 1] would be singular. 
Lemma 2.11. Let Y ⊂ P4 be a smooth cubic threefold, let p ∈ Y be a
general point and let S ⊂ Y be a general hyperplane section that does not
contain p. We define a rational map ϕ : S 99K Y by sending a general point q
onto the point of Y that is collinear with p and q. Then, the following hold:
(1) The closure of ϕ(S) is a rational hyperquadric section Q ⊂ Y singu-
lar at p.
(2) The restriction of ϕ is a birational map S 99K Q that decompose as
ησ−1, where σ : W → S is the blow-up of 6 points p1, . . . , p6 on a
smooth hyperplane section Γ0 of S and η : W → Q is the contraction
of the strict transform Γ ⊂W of Γ0 on the point p.
(3) Denoting by E1, . . . , E6 ⊂W the exceptional curves of W contracted
by σ onto p1, . . . , p6 and HS ∈ PicW the pull-back of a hyperplane
section of S (which is equivalent to −KS), the curve Γ ⊂W is then
linearly equivalent to HS −
∑
Ei ∼ −KW and a hyperplane section
of Q corresponds to HY = 2HS −
∑
Ei ∈ PicW .
(4) None of the 27 lines of S passes through one of the points p1, . . . , p6.
Proof. As before, we choose coordinates such that p = [1 : 0 : · · · : 0] and
such that the tangent hyperplane section is w = 0. The equation of Y is
then
v2w + vF2(w, x, y, z) + F3(w, x, y, z) = 0.
Moreover we can assume that S is given by v = 0, which implies that it
corresponds to the smooth cubic surface of P3 given by F3(w, x, y, z) = 0.
By definition, the map ϕ : S 99K Y is given by
[w : x : y : z] 799K [−F2w : w : x : y : z] = [−F2 : w2 : wx : wy : wz],
and Q ⊂ Y is the hyperquadric section given by vw + F2(w, x, y, z) = 0:
This yields (1).
The map ϕ : S 99K Q is birational with inverse given by the projection
[v : w : x : y : z] 799K [w : x : y : z]. The base-points of ϕ are given by
w = 0 and F2 = 0, F3 = 0 in P
3, and are thus the intersection of S with the
six distinct lines ℓ1, . . . , ℓ6 of Y passing through p (see Lemma 2.10). Since
F2(0, x, y, z) is the equation of a smooth conic (see the proof of Lemma 2.10),
the linear system given by ϕ consists of all hyperquadric sections of S passing
through the six points p1, . . . , p6. Assertion (2) follows, as well as (3).
For i = 1, . . . , 6, there are again 6 lines passing through any general point
of ℓi. Hence, the family of lines of Y that touch the ℓi has dimension 1. This
implies that a general hyperplane section of Y (here S) does not contain any
line that touch the ℓi, hence (4). 
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Finally we need the following fact:
Lemma 2.12. Taking the notation of Lemma 2.11, the following holds:
(1) Let C ⊂ W be an irreducible curve, its image η(C) ⊂ Q ⊂ Y ⊂ P4
is a smooth curve if and only if C is smooth and C · Γ = 1 in W .
(2) There are exactly 6 lines contained in Q, all passing through q and
corresponding to the image of Ei for some i = 1, . . . , 6.
Proof. (1) Denote by ηˆ : X → P4 the blow-up of q = [1 : 0 : 0 : 0]. It
follows from Lemma 2.11 that the strict transform of Q on X is isomorphic
to the smooth surface W , and that η : W → Q is the restriction of ηˆ.
The curve C ⊂ W is then the strict transform of ηˆ(C) ⊂ P4. Denoting
by E ⊂ X the exceptional divisor, the curve η(C) is smooth if and only if
C is smooth and C · E = 1 in X. Since Γ is the intersection of E and W ,
the intersection C ·E on X is equal to the intersection C · Γ in W .
(2) Each Ei is isomorphic to P
1 on W , its intersection with Γ and HY
is 1, so its image in Q is again isomorphic to P1, of degree 1 and passing
through η(Γ) = (1 : 0 : 0 : 0) = q.
Let C ⊂W be a curve distinct from the Ei, isomorphic to P1 and whose
image by η is a line. It is linearly equivalent to σ∗(D)−∑ aiEi, where D is
an effective divisor of the cubic surface S and ai ≥ 0 for i = 1, . . . , 6, and
its intersection with Γ ∼ HS −
∑
Ei and HY ∼ 2HS −
∑
Ei is respectively
ε = HS · C −
∑
ai ∈ {0, 1} and 1 = ε + HS · C. Note that HS · C is the
degree of σ(C) in S ⊂ P3, so the only possibility is that C is the strict
transform of a line of S ⊂ P3 passing through one of the pi, impossible by
Lemma 2.11. 
Proposition 2.13. Let Q be a singular hyperquadric section of a smooth
cubic 3-fold Y ∈ P4 as given in Lemma 2.11. If (g, d) ∈ Lquadric, then Q
contains smooth curves of type (g, d) without any 3-secant lines.
Proof. We think of Q as P2 blown-up at 6 general points q1, . . . , q6 on a
cubic curve Γ0, producing exceptional divisors F1, . . . , F6, and then blown-
up again at 6 points p1, . . . , p6 (all lying on one conic) on the strict transform
of Γ0, and finally blow-down of Γ0.
We consider a curve of degree k in P2 passing with multiplicities mi
through the qi and multiplicities ni through the pi, as given in Table 4,
and we denote by C the transform of this curve on Q.
We check that 3k−∑mi−∑ni = 1 in all four cases, hence the intersection
of the curve with Γ0 is 1 just before the blow-down, and the resulting curve
C is smooth on Q. A hyperplane section on Q is equivalent to
6HP2 − 2
∑
Fi −
∑
Ei.
The genus and degree are given by the formulas:
g =
(k − 1)(k − 2)
2
−
∑ mi(mi − 1)
2
−
∑ ni(ni − 1)
2
,
d = 6k − 2
∑
mi −
∑
ni.
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g d k (m1, . . . ,m6) (n1, . . . , n6)
0 4 1 (0, 0, 0, 0, 0, 0) (1, 1, 0, 0, 0, 0)
0 5 2 (1, 1, 0, 0, 0, 0) (1, 1, 1, 0, 0, 0)
1 5 3 (1, 1, 1, 1, 1, 0) (1, 1, 1, 0, 0, 0)
2 6 4 (2, 1, 1, 1, 1, 1) (1, 1, 1, 1, 0, 0)
Table 4.
By Lemma 2.12, the only possibility to have a 3-secant line would be to have
ni ≥ 3 for some i, and this is not the case. 
2.4. Summary of the results: the proof of Theorem A. First we prove
a lemma that will provide the density in the case (g, d) = (2, 6).
Lemma 2.14. Let Y ⊂ P4 be a smooth cubic threefold, and let V be the vari-
ety parametrising smooth curves of type (2, 6) that are contained in some hy-
perplane section of Y . Then each component of V has dimension at most 11.
Proof. Since hyperplanes sections of Y are parametrised by P4, it is sufficient
to prove that the dimension of smooth curves of type (2, 6) contained in a
given hyperplane section S ⊂ Y is at most 7.
We view S as a cubic surface in P3. Since it is a hyperplane section of a
smooth cubic threefold, S is irreducible and its singularities are isolated (as
can be checked in local coordinates).
If S is rational, there exists a smooth weak Del Pezzo surface Sˆ, obtained
by the blow-up of six points of P2 (proper or infinitely near), so that the
anti-canonical divisor −KSˆ yields a birational morphism Sˆ → S. Moreover
each curve on S that is not a line corresponds to a divisor equivalent to
kL−∑6i=1 aiEi, where L is the pull-back of a line in P2, the Ei are exceptional
divisors and −KSˆ = 3L−
∑6
i=1Ei (see [BL12, Set-up 4.1]). We obtain
6 = d = 3k −
6∑
i=1
mi, 2 = g =
(k − 1)(k − 2)
2
−
6∑
i=1
mi(mi − 1)
2
.
In particular,
(3k−6)2 = (
∑
mi)
2 ≤ 6
∑
(mi)
2 = 6((k−1)(k−2)−4+(3k−6)) = 6(k2−8),
which implies that 4 ≤ k ≤ 8. We get finitely possibilities for (k,m1, . . . ,m6),
but each irreducible component corresponds to only one solution. For each
one, we can order the multiplicities so that m1 ≥ m2 ≥ · · · ≥ m6 and as-
sume that k ≥ m1 +m2 +m3 (see [BL12, Set-up 4.1]). This gives only one
numerical possibility, which is (k,m1, . . . ,m6) = (4, 2, 1, 1, 1, 1, 0). The set
of such curves corresponds to quartics with a double point passing through
4 other given points, and has dimension 7 (quartics with a double point have
dimension 11, and each simple base point drops the dimension by one).
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Now consider the case where S is not rational, that is, S is the cone over
a smooth cubic Γ. We now show that there is no smooth curve of type (2, 6)
on S. By contradiction, assume C ⊂ S is such a curve. By Riemann-Roch’s
formula (see [BL12, Lemma 2.3]), C is contained in a pencil of cubic surfaces
generated by S and another cubic S′. Replacing S′ by a general member of
the pencil, we can assume that S′ is smooth outside of the vertex p of the
cone S. Since S′ cannot be a cone at this point (because C ⊂ S ∩ S′), we
obtain that S′ is a normal rational cubic. Now consider the residual cubic
curve C ′ in S∩S′. The curve C ′ is not contained in a plane: otherwise C ⊂ S′
would be linearly equivalent to the complete intersection of a quadric and a
cubic, hence equal to such a complete intersection. This is impossible since
such curves have genus 4. It follows that the cubic curve C ′ is a union of
rational curves. As every morphism from a rational curve to Γ is constant,
C ′ is the union of three distinct and not coplanar lines l1, l2, l3 through
the vertex p. Taking the above notation for the desingularisation Sˆ′ of S′,
the residual cubic is of the form −3KSˆ′ − (4L − 2E1 − E2 − · · · − E5) =
5L − E1 − 2E2 − · · · − 2E5 − 3E6. It has arithmetic genus −1, hence the
configuration of the three lines after blowing-up is as follows: one is disjoint
from the two others, which intersect. This is impossible: if the vertex is
blown-up the three lines become disjoint, and otherwise they all meet in the
same point. 
The proof of Theorem A is now a matter of putting together what we
have done so far:
Proof of Theorem A.
(1) Assume that the blow-up X of Y along C is weak-Fano. By Propo-
sition 1.13, (g, d) ∈ Lplane if C is contained in a hyperplane section and
(g, d) ∪ Lquadric otherwise. Moreover, there is no 3-secant line to C in Y
since the strict transform of such a curve would intersect −KX negatively.
By Corollary 2.8 the curve C is contained in a smooth hyperquadric section
and |−KX | has no base-point.
(2)(i) We assume (g, d) ∈ Lplane. By Corollary 2.8 we get that X is
weak-Fano, and in fact Fano in cases (g, d) = (0, 1) or (1, 3). Conversely, if
(g, d) ∈ Lplane r {(0, 1), (1, 3)}, then by Lemma 1.2 we see that C admits a
least one 2-secant line, hence the anticanonical divisor −KX is not ample.
It remains to study the anticanonical morphism in these cases: This is done
by a case by case analysis in § 2.5 below.
(2)(ii) We assume (g, d) ∈ Lquadric and that C does not admit any 3-secant
line. By Proposition 1.12, the curve C is not contained in a hyperplane sec-
tion. By Corollary 2.8 the blow-upX is weak-Fano, and as before Lemma 1.2
ensures that X is not Fano. Finally, if the anticanonical morphism was di-
visorial, it would appear as one of the 24 cases of [JPR05, Theorem 4.9
and Table A.4], which is not the case. We conclude that the anticanonical
morphism is small in these four cases.
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The condition of having no 3-secant line yields an open subset in the
Hilbert scheme parametrising smooth curves of genus g and degree d in Y .
The fact that this set is non-empty is provided by Proposition 2.13. In
cases (g, d) ∈ {(1, 4), (0, 5), (1, 5)}, we know from [HRS05] that the Hilbert
scheme HSg,d(Y ) parametrising smooth curves of genus g and degree d on a
smooth cubic threefold Y ⊂ P4 is irreducible. So in these three cases we
obtain a dense open subset in HSg,d(Y ). The irreducibility of HS2,6(Y ) seems
to be open, but we can still prove that the subset U ⊂ HS2,6(Y ) consisting of
curves with no 3-secant is dense. By Corollary 2.8, every element of HS2,6(Y )
that corresponds to a curve C ⊂ Y not contained in a hyperplane is in
fact in U (and the converse also holds by Proposition 1.12), so it remains
to show that the closed subset V ⊂ HS2,6(Y ) corresponding to curves in
hyperplane sections does not contain any irreducible component of HS2,6(Y ).
By a classical result (see e.g. [HRS05, Proposition 2.1]), every irreducible
component of HS2,6(Y ) has dimension at least 12. So Lemma 2.14 allows us
to conclude. 
Remark 2.15. In the statement of Theorem A(2)(ii), one could be tempted
to replace the condition “without a 3-secant line in Y ” by the condition “not
contained in a hyperplane section”, but there is a subtlety here in the case
(g, d) = (0, 5), which comes from Remark 2.9.
2.5. Sarkisov links. In this section, we describe the Sarkisov links provided
by Theorem A. The summary of what we obtain is given in Table 5.
List Properties (g, d) Sarkisov # 2-secant Reference(s)
of X link lines
Lplane
Fano
(0, 1) conic bundle 1 (itself) [IP99, §12.3, No 11]
(1, 3) DP3 fibr. 0 [IP99, §12.3, No 5]
weak-Fano
divisorial
(1, 4) - 10 [JPR05, Tab.A.4, n◦6]
(4, 6) - 27 [JPR05, Tab.A.4, n◦25]
weak-Fano
small
(0, 2) DP4 fibr. 1 [JPR11, §7.4]
(0, 3) terminal Fano 6 [CM13, Tab. 6(4)]
Lquadric
weak-Fano
small
(1,4) point in V14 16
[CM13, Tab. 4(2)]
[Tak89, §(2.8)]
(1,5) curve in V14 25
[CM13, Tab. 1(63)]
[Isk80, §III.1 p. 858]
(0, 5) back to Y 31 [CM13, Tab. 1(29)]
(2, 6) back to Y 39 [CM13, Tab. 1(33)]
Table 5. The Sarkisov links for the types of Lplane∪Lquadric.
(Small and divisorial correspond to the anticanonical morphism,
and DPn fibr. is a fibration whose general fibre is a Del Pezzo of
degree n.)
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Recall the following result; we refer to our previous paper [BL12, §2.1] for
details.
Proposition 2.16. Assume that X is a smooth threefold with Picard num-
ber 2, big and nef anticanonical divisor, and small anticanonical morphism.
Then the two contractions on X yield a Sarkisov link:
X //❴❴❴
⑦⑦
⑦⑦
⑦⑦
⑦⑦
X ′
!!
❈❈
❈❈
❈❈
❈❈
Y Y ′.
In the previous diagram X 99K X ′ is an isomorphism or a flop, depending
if −KX is ample or not. In our situation, we know one of the contraction,
namely X → Y which is the blow-up of a smooth curve C. On the other
hand there are several possibilities for the contraction X ′ → Y ′. It can be
divisorial, and in this case Y ′ is again a Fano threefold with Picard number 1,
and possibly with a terminal singularity. The contraction can also be a
fibration, either a conic bundle, or a fibration in Del Pezzo surfaces. Finally
observe that if the anticanonical morphism on X is divisorial, then there is
no such Sarkisov link.
We now describe the Sarkisov links associated with the curves listed in
Theorem A (see Table 5). We give elementary arguments whenever possible,
but for the most delicate cases we have to rely on previous classification
results.
We saw in Proposition 2.2 that a line (case (0, 1)) gives a Fano three-
fold X with a conic bundle structure, and a plane cubic (case (1, 3)) gives
a Fano threefold with a Del Pezzo fibration of degree 3. These correspond
respectively to No 11 and 5 in the Table [IP99, §12.3].
Now consider the case (0, 2), that is, C is a smooth conic. Any curve Γ
of degree n that is n-secant to C must be contained in the base locus of
the pencil of hyperplane sections containing C, hence Γ must be the unique
2-secant line to C. Hence the anticanonical morphism is small, contracting
only the transform of this 2-secant line. After flopping this curve we obtain
a weak-Fano threefold X ′ that admits a Del Pezzo fibration of degree 4, in
accordance with [JPR11, §7.4].
In the case (0, 3), the curve C is contained in a unique hyperplane H ⊂
P4. Let Γ be a curve of degree n that is n-secant to C, then on X its
strict transform satisfies −KX · Γ˜ = 0. We can find a pencil of members of
|−KX | containing Γ˜, which correspond on H to a pencil of quadric surfaces
containing C: This shows that Γ must be the residual line of the pencil. In
particular the only curves contracted by the anticanonical morphism are the
transforms of the six 2-secant lines given by Lemma 1.2. After flopping these
curves, we obtain a weak-Fano threefold X ′, which according to [CM13,
Table 6 (4)] admits a divisorial extremal contraction to a terminal Fano
threefold.
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In the case of a curve C of type (g, d) = (1, 4), contained in a hyperplane
H, there exists a pencil of smooth quadric surfaces in H that contain C.
Intersecting with the cubic threefold Y we obtain a pencil of residual conics,
which are 4-secant to C. The transforms of these conics on X are trivial
against the canonical divisor. In conclusion the anticanonical map after
blow-up is divisorial, contracting the cubic surface H ∩ Y on a curve: see
[JPR05, Table A.4, no 6].
The case (4, 6) always corresponds to the complete intersection of a hyper-
plane and a quadric, by Lemma 1.5. As a consequence any curve of degree
n in the cubic surface containing C is 2n-secant to C, and the anticanonical
map after blow-up is divisorial [JPR05, Table A.4, no 25].
The case (g, d) = (1, 5) is given as an open case in [JPR11, Proposition
6.5, no 8], with a hypothetical link to a Del Pezzo fibration of degree 5.
However it was proved in [Isk80, §III.1 p. 858] that the blow-up of a smooth
normal elliptic quintic always yields a link to a Fano 3-fold V14 of genus 8.
Finally, cases (1, 4), (0, 5) and (2, 6) do not appear in [JPR11], so we
conclude that after blowing-up C and performing a flop, we obtain a weak-
Fano threefold X ′ with a divisorial extremal contraction. Consulting the
tables in [CM13] we see that this contraction must be a contraction to a
smooth point in V14 in the case (1, 4) (this construction was already noticed
in [Tak89, §(2.8)]), and a contraction to a curve of the same type in a cubic
threefold in case (0, 5) and (2, 6). It turns out that the cubic threefold we
obtain is isomorphic to the one we started with. In fact we shall see in
Proposition 3.8 that in these two cases the Sarkisov link can be seen as an
involution of Y .
3. Examples of birational selfmaps
In this section we produce special examples of birational selfmaps, either
on a smooth cubic threefold, or on a blow-up of such a threefold. We are
in particular interested in producing maps contracting arbitrary ruled sur-
faces, or pseudo-automorphisms with dynamical degree greater than 1 on a
threefold with low Picard number. We start by recalling the basic notions
we shall need.
3.1. Basics. We recall some basic notions on the genus of a birational map,
dynamical degrees, involutions and the non-existence of a Ga-action on a
non-rational unirational threefold.
3.1.1. Genus of a birational map on a threefold. We recall the notion of
genus of a birational map between threefold, as introduced by Frumkin
[Fru73]; see also [Lam14]. If X is a smooth threefold, every surface con-
tracted by an element ϕ ∈ Bir(X) is birational to C × P1, for some smooth
projective curve C. The genus of ϕ is by definition the highest possible genus
of C obtained, when considering all surfaces contracted by ϕ. By convention
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we declare the genus to be equal to −∞ when no surface is contracted, that
is, in the case of a pseudo-automorphism.
For each g, the set Bir(X)≤g of all birational maps of genus ≤ g is a
subgroup of Bir(X).
It is easy to obtain elements of Bir(P3) of any genus: in fact it is sufficient
to consider Jonquie`res elements. This shows in particular that Bir(P3) is not
generated by automorphisms and finitely many other elements (see [Pan99]).
We will see that such a phenomenon also holds for a smooth cubic threefold.
3.1.2. Dynamical degree. Let f : X 99K X be a dominant rational map on
a projective variety of dimension n, and let L be an ample divisor on X.
We define the degree of f by deg f = (f∗L · Ln−1)/(Ln), and the (first)
dynamical degree of f by
λ1(f) = lim
m→∞
deg(fm)1/m.
The dynamical degree does not depend on the choice of L and is invariant
by conjugation (see [DS05, Corollary 7]): if ϕ : Y 99K X is a birational map,
then
λ1(f) = λ1(ϕ
−1 ◦ f ◦ ϕ).
If the action of f on Pic(X) satisfies (f∗)n = (fn)∗ one says that f is
algebraically stable, and in this case the dynamical degree λ1(f) is equal to
spectral radius of f∗. This is the case in particular if f is an automorphism,
or a pseudo-automorphism. When f is birational we often prefer to use the
action by pushforward f∗ = (f
−1)∗. In general λ1(f) 6= λ1(f−1), but this is
the case if f−1 is conjugate to f , which is true in particular when f is the
composition of two involutions.
3.1.3. Involutions. Our examples will be obtained as family of involutions,
or as composition of involutions. We recall here a few well-known construc-
tions for future reference.
(1) If a, b, c ∈ P1 are three distinct points, there exists a unique involution
of P1 that exchanges a and b and fixes c. Indeed up to the action of PGL2
we can assume a = 0, b =∞ and c = 1, and the involution is then z 7→ 1z .
(2) Similarly given a, b ∈ P1 two distinct points, there is a unique invo-
lution that fixes a and b. If we assume a = 0 and b = ∞, the involution is
z 7→ −z.
(3) Now if S ⊂ P3 is a smooth cubic surface, and c ∈ S is a point, we
define the Geiser involution centred in c as follows. Given a general line
L through c, we have L ∩ S = {a, b, c} with a, b, c distinct, and the Geiser
involution restricted to L is by definition the unique involution of L fixing
c and exchanging a and b. This gives a birational involution of P3, which
restricts to the classical Geiser involution on S: the blow-up X → S of
c is a del Pezzo surface of degree 2, and the lift of the involution is the
involution associated to the double covering X → P2 given by |−KX |. In
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particular, the exceptional divisor is exchanged with the strict transform of
the hyperplane section tangent at c.
(4) In the previous setting, one can also define an involution of P3 that
fixes pointwise the surface S, by defining the restriction on L to be the
involution fixing a and b.
The constructions in (3) and (4) can be generalised for a cubic hypersur-
face in Pn for an arbitrary n ≥ 2. In particular the construction (4) was the
building block for the examples obtained in [Bla13].
3.1.4. Ga-action. Here, as a side remark, we give a proof of the following
folklore result, which we mentioned in the introduction, and which does
not seem to be available in the literature. We learnt the argument from
D. Daigle.
Proposition 3.1. Let Y be a threefold, which is unirational but not rational.
Then any rational Ga-action on Y is trivial.
Proof. Assume the existence of a non-trivial rational Ga action on Y . Re-
placing Y by another projective smooth model, we can assume that the
action is regular. Then there exists an open set U ⊂ Y where the action is
a translation, which corresponds to the existence of an equivariant isomor-
phism U → Ga × V , where the action on V is trivial and the action on Ga
is the translation (follows from the work of Rosenlicht [Ros56]). Since Y is
unirational, the variety V is a unirational surface S, which is thus rational.
This implies that U is rational: contradiction. 
The above result shows that there is no rational Ga-action on a smooth
cubic threefold, using the non-rationality result of Clemens and Griffiths
[CG72].
3.2. Birational selfmaps of a cubic threefold with arbitrary genus.
In [Lam14, Question 11] the question is asked whether there exists a bi-
rational map on a smooth cubic threefold with genus ≥ 1. The existence
of Sarkisov links blowing-up a curve of type (2, 6) (see §2.5) already shows
that the answer is affirmative. In this section we give two other construc-
tions: a very simple one that produces examples of genus 1, and then a more
elaborate one that yields maps of arbitrary genus.
Our first construction is based on the fibration associated with an elliptic
curve on a smooth cubic threefold.
Proposition 3.2. Let Y ⊂ P4 be a smooth cubic threefold, let C ⊂ Y be
a smooth plane cubic curve, and let π : Y 99K P1 the projection from C (or
more precisely from the plane containing it).
We denote by Bir(Y/π) the subgroup of Bir(Y ) of elements ϕ such that
πϕ = π. Then, there exist elements of Bir(Y/π) having genus 1 and dynam-
ical degree > 1.
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Proof. We associate an element ϕL ∈ Bir(Y/π) to any line L ⊂ Y disjoint
from C, by considering a one-parameter family of Geiser involutions. Let
t ∈ P1 be a general point. The corresponding fibre Xt = π−1(t) is a smooth
cubic surface with a marked point pt = L∩Xt. We define ϕL as the birational
map whose restriction toXt is the Geiser involution associated with pt. Note
that the Geiser involution on Xt exchanges the curve C with another curve
Ct ⊂ Xt, which is birational to C. The union of all curves Ct covers a
surface V ⊂ Y that is birational to C × P1, and which is contracted by ϕL
onto C. The Geiser involution of Xt contracts the curve Γt which is the
hyperplane section tangent at c. The union of these curves covers a surface
that is rational. Since all other surfaces contracted by ϕL are contained in
special fibres, these are rational or equal to a cone over an elliptic curve, so
we obtain that the genus of ϕL is 1.
Choosing general distinct lines L1, L2, L3 on Y , we obtain involutions
σ1, σ2, σ3 ∈ Bir(X/π). We claim that σ3σ2σ1 has dynamical degree > 1 and
genus 1. To show this, we take a general fibreX and consider the restrictions
σˆ1, σˆ2, σˆ3 ∈ Bir(X) of σ1, σ2, σ3. The lift of σˆi to the blow-up Zi → X of the
point pi = Li ∩X is an automorphism, which sends the exceptional divisor
Ei onto −KX − 2Ei, where KX denotes the pull-back of the anti-canonical
divisor. Since the map is of order 2 and preserves the anti-canonical divisor
−KX − 2Ei, the action relative to the basis (−KX , Ei) is then(
2 1
−3 −2
)
.
Hence, every element of 〈σˆ1, σˆ2, σˆ3〉 sends −KX onto a linear system equiv-
alent to −dKX for some integer d, which corresponds to the degree of the
map, according to the ample divisor −KX .
To simplify the notation, we define pi = pi−3, σˆi = σˆi−3 for i ≥ 4. The
lines L1, L2, L3 being general, we can assume that pi+3 = pi is not equal to
pi+2, σˆi+2(pi+1), σˆi+2σˆi+1(pi) for i = 1, 2, 3, and then for each i ≥ 1.
Writing ρ = 32 , we prove then, by induction on k, that
Rk = σˆkσˆk−1 . . . σˆ1(−KX)
has degree dk ≥ ρk and multiplicity at most ρdk at pk. Moreover, we also
show that Rk has multiplicity at most dk,
1
ρdk at σˆk(pk−1), σˆkσˆk−1(pk−2) (if
k ≥ 2, respectively k ≥ 3) and at most multiplicity 1ρ2 dk at all other points.
This result is true for k = 1, since R1 has degree 2, multiplicity 3 at p1
and no other base-point. We then use the matrix above to compute Rk+1 =
σˆak+1(Rk), and obtain that Rk+1 has degree dk+1 = 2dk−m and multiplicity
3dk − 2m ≤ 3dk − 32m = ρdk+1 at pk+1, where m is the multiplicity of Rk at
pk+1.
By hypothesis, pk+1 is not equal to pk, σˆk(pk−1), σˆkσˆk−1(pk−2), which
implies that m ≤ 1ρ2 dk and thus that dk+1 = 2dk −m ≥ (2− 1ρ2 )dk ≥ ρdk.
Moreover, the multiplicity of Rk+1 = σˆk+1(Rk) at σˆk+1(pk) is the multi-
plicity of Rk at pk, which is at most ρdk ≤ 1ρdk+1. Similarly, the multiplicity
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of Rk+1 at σˆk+1σˆk(pk−1) is at most
1
ρ2dk1 and all other base-points have
multiplicity at most 1ρ3dk1 .
This gives the claim, which implies that (σˆ3σˆ2σˆ1)
i has degree at least (32 )
3i
and implies that σˆ3σˆ2σˆ1, and thus σ3σ2σ1, has dynamical degree > 1. 
Remark 3.3. (1) Taking other smooth cubic curves in Y , we can obtain all
types of elliptic curves, and compose the maps obtained to obtain birational
maps that contract arbitrary many surfaces that are not pairwise birational.
(2) It seems plausible that we could obtain maps of higher genus by gen-
eralising the above construction, using a family of Bertini involutions asso-
ciated with an hyperelliptic curve. However, finding the hyperelliptic curves
does not seem to be easy. Besides, we have another construction which
provides all possible curves instead of only hyperelliptic ones (see Proposi-
tion 3.6 below).
Now we construct a class of birational involutions on Y with arbitrary
genus, and in fact contracting any given class of ruled surface. This will be
done in the group preserving the fibration associated to the projection from
a line of Y , which yields a conic bundle structure on the blow-up Yˆ → Y of
the line.
The following two results on conic bundles will provide the class of invo-
lutions.
Lemma 3.4. Let π : Q→ B be a conic bundle over an irreducible algebraic
variety B, given by the restriction of a P2-bundle πˆ : P → B.
Let s : B → P be a section, whose image is not contained in Q. We define
ι ∈ Bir(Q/π) to be the birational involution whose restriction to a general
fibre π−1(p) is the involution induced by the projection from the point s(p):
it is the involution of the plane πˆ−1(p) which preserves the conic π−1(p) and
fixes s(p).
If Γ ⊂ B in an irreducible hypersurface which is not contained in the
discriminant locus of π and such that s(Γ) ⊂ Q, the hypersurface V =
π−1(Γ) of Q is contracted onto the codimension 2 subset s(Γ).
Proof. We choose a dense open subset of B which intersects Γ and trivialises
the P2-bundle, and apply a birational map to view Q inside of P2 × B,
given by F ∈ C(B)[x, y, z], homogeneous of degree 2 in x, y, z. The fibre of
π : Q → B over a general point of Γ (respectively of B) is a smooth conic.
The section s corresponds to [α : β : γ], where α, β, γ ∈ C(B).
We denote by f = F (s) ∈ C(B) the evaluation of F at x = α, y = β, z = γ
(which looks like an evaluation at s but depends in fact of (α, β, γ) ∈ C(B)3),
and by fx, fy, fz the evaluation of the partial derivatives of F at x = α, y =
β, z = γ (same remark). Writing then R = xfx + yfy + zfz, we claim that ι
is given by
ι : [x : y : z] 7→ [αR − xf : βR− yf : γR− zf ].
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(Now the map only depends on s and not on the choice of α, β, γ). This
claim will imply the result: for a general point of p ∈ Γ the value of f is zero,
and the corresponding rational transformation of P2 ∼ πˆ−1(p) contracts the
whole plane onto s(p).
It remains to see that ι has the desired form. Using the Euler formula
f = 12(αfx+βfy+γfz), the above transformation corresponds to the element
M =

 fxα− fyβ − fzγ 2αfy 2αfz2βfx −fxα+ fyβ − fzγ 2βfz
2γfx 2γfy −fxα− fyβ + fzγ


of PGL3(C(B)), whose square is the identity (or more precisely (f)
2 times
the identity). It is then a birational involution of P . Moreover, M fixes
[α : β : γ] (multiplying the matrices we get [αf : βf : γf ]). It remains
then to see that the above map preserves the equation of F . This can be
done explicitly by writing F = ax2 + by2 + cz2 + dxy + exz + fyz, where
a, b, c, d, e, f ∈ C(Γ). 
Lemma 3.5. Let π : Q → P2 be a conic bundle, given by the restriction of
a P2-bundle πˆ : P → P2. Let Γ ⊂ P2 be an irreducible curve, not contained
in the discriminant of P . Then, there is a section s : P2 → P of πˆ, whose
image is not contained in Q but such that s(Γ) ⊂ Q.
Proof. The preimage by π of Γ is a surface Sˆ, and there exists a section
s0 : Γ→ Sˆ by Tsen’s theorem (see [Kol95, Corollary 6.6.2 p. 232]). It remains
to see that we can extend s0 to a section s : P
2 → P of πˆ, whose image is
not contained in Q.
Taking local coordinates, we can view πˆ as the projection A4 → A2 on
the first two coordinates and Γ as curve in A2 given by some irreducible
polynomial P ∈ C[x, y]. Then, s0 is given by two rational functions f1g1 ,
f2
g2
,
where f1, f2, g1, g2 ∈ C[Γ] = C[x, y]/(P ) and g1, g2 6= 0. There are then
plenty of ways to extend s0, by choosing representatives of the fi and gi in
C[x, y] = C[A2]. 
Proposition 3.6. Let Y ⊂ P3 be a smooth cubic hypersurface, let ℓ ⊂ Y be
a line and let Γ be an abstract irreducible curve.
Then, there exists a birational involution ι ∈ Bir(Y ) that preserves a
general fibre of the projection Y 99K P2 away from ℓ, and which contracts a
surface birational to Γ× P1.
Proof. Blowing-up ℓ, we obtain a conic bundle Yˆ → P2. We then pick an
irreducible curve in P2, which is birational to Γ and not contained in the
discriminant locus and apply Lemmas 3.4 and 3.5. 
Remark 3.7. As before, taking different lines and composing maps, one ob-
tain maps of dynamical degree > 1 contracting any possible birational type
of ruled surfaces.
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3.3. Pseudo-automorphisms. The aim of this section is to prove Propo-
sition C, i.e. to produce a pseudo-automorphism with dynamical degree
greater than 1 on a smooth threefold Z with Picard number 3. Observe that
this is the minimal value of the Picard number: such a pseudo-automorphism
induces a linear map on Pic(Z) with determinant ±1, one eigenvalue equal
to 1 (the canonical divisor is preserved) and one eigenvalue of modulus bigger
than 1 (equal to the dynamical degree). This answers, at least in dimen-
sion 3, a question asked in [Bla13, Question 1.5].
The proof follows directly from the three propositions that occupy the
rest of this section. The first step relies on the fact that (−KX)3 = 2, which
is true for a curve of type (2, 6) but also for a curve of type (0, 5).
Proposition 3.8. Let Y ⊂ P4 be a smooth cubic threefold. Let C ⊂ Y be
a smooth curve of genus g and degree d, with (g, d) ∈ {(0, 5), (2, 6)}, which
does not admit any 3-secant line in Y . Let π : X → Y be the blow-up of Y
along C, E = π−1(C) be the exceptional divisor and HX ∈ Pic(X) be the
pull-back of a hyperplane section of Y .
Then, the linear system |−KX | yields a surjective morphism σ : X → P3
with general fiber equal to two points. The involution corresponding to the
exchange of the two points is a pseudo-automorphism τ : X 99K X whose
action on Pic(X), with respect to the basis (HX , E), is respectively(
13 24
−7 −13
)
,
(
11 20
−6 −11
)
for (g, d) = (0, 5) and (g, d) = (2, 6).
Proof. By Theorem A(2)(ii), the threefold X is weak-Fano. By Lemma 1.4
and Proposition 1.9, we have
(−KX)3 = 2 and dim|−KX | = 3.
By Proposition 2.7, the linear system Λ of quadric hypersections of Y
through C has no base-point outside C and has a general member which is
smooth. Moreover, the linear system |−KX | is base-point-free.
So the rational map induced by |−KX | is a morphism σ : X → P3. It
is surjective, otherwise the image would have at most dimension 2 and we
would have (−KX)3 = 0, contradiction. Moreover, since by Theorem A the
anticanonical morphism is small, there are finitely many curves that intersect
KX trivially, hence finitely many fibres that have positive dimension. The
number of points in a finite fibre can be computed as the intersection of
three elements of |−KX |. Since (−KX)3 = 2, a general fibre consists of 2
points, and some codimension 1 subset of P3 yields fibres with one point
(ramification divisor).
The birational involution τ ∈ Bir(X) that exchanges the two points in a
general fibre of σ is thus an automorphism outside of the finite set of curves
having zero intersection with KX , and is then a pseudo-automorphism. Let
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f ∈ X be a general fibre of the P1-bundle π|E : E → C, and ℓ ∈ X be the
pull-back by π of a line in Y . The dual of Pic(X) is then generated by ℓ, f ,
which have intersection (1, 0) and (0,−1) with (HX , E) respectively. The
pull-back by σ of a general line of P3 is equivalent to (−KX)2 = (2HX−E)2.
By Lemma 1.4 we have (−KX)3 = 22 − 4d + 2g = 2 and K2X · E =
2 + 2d− 2g = 22− 2d, which yields
(KX)
2 ·HX = 1
2
(KX)
2 · (−KX + E) = 12− d,
and thus (−KX)2 = (12− d)ℓ− (22 − 2d)f .
Observe that f · (−KX) = 1, which implies that f intersects a general
fibre of hyperplane into one point, transversally. In particular, σ(f) is a
line of P3 and the restriction of σ yields an isomorphism f → σ(f). Since
σ−1(σ(f)) is equivalent to (−KX)2 = (12 − d)ℓ − (22 − 2d)f , we get that
σ(f) is equivalent to (12 − d)ℓ− (23− 2d)f .
In particular, the action of σ on Pic(X) is then of order 2, fixing −KX .
With respect to the basis (HX ,−KX), the map is thus of the form(−1 0
a 1
)
,
for some a ∈ Z. It remains to compute
a = f · (−HX + a(−KX)) = f · σ(HX) = σ(f) ·HX = 12− d
to get the action. 
Proposition 3.9. Let C1 be a curve of genus 2 and degree 6 on a smooth
cubic threefold Y , which is general in the sense of Theorem A(2)(ii). Let Λ
be a general pencil of hyperquadric sections containing C1. Then the base
locus of Λ is equal to C1 ∪ C2 where C2 is another general smooth curve of
type (2, 6).
Proof. By Proposition 2.7, a general member S of Λ is smooth. After blow-
up of C1, the pencil of residual curve C2 corresponds to the restriction to S˜
of a subpencil of the linear system |−KX |. We know from Proposition 3.8
that |−KX | induces a surjective morphism X → P3, hence |−KX |S has
no base-point. The fact that the image of |−KX | is not a curve implies,
by Bertini’s Theorem (in its strong form, see e.g. [Har77, Ex. III.11.3] or
[Kle98, Theorem 5.3]) that a general element of |−KX |S is an irreducible
smooth curve.
It remains to see that C2 has type (2, 6) and is general. One can check
this using the fact that C1 and C2 are embedded in a smooth Del Pezzo
surfaces of degree 4. In the notation of Proposition 2.6, C1 comes from a
curve on P2 of degree 4 and multiplicities (2, 1, 1, 1, 1), and C1 ∪ C2 from
a curve of degree 9 and multiplicities (3, 3, 3, 3, 3). Thus C2 comes from a
curve of degree 5 and multiplicities (1, 2, 2, 2, 2), which yields that C2 has
genus 2 and degree 6. Finally C2 does not admit any 3-secant line, because
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such a line should be in the base locus of Λ; so C2 is general in the sense of
Theorem A(2)(ii). 
We can now obtain the proof of Proposition C:
Proposition 3.10. Let Y ⊂ P4 be a smooth cubic threefold. Let Q1, Q2 ⊂ Y
be two hyperquadric sections such that Q1 ∩Q2 = C1 ∪C2, where C1, C2 are
two smooth curves of genus 2 and degree 6 (see Proposition 3.9).
Let π : Z → Y be the blow-up of C1 ⊂ Y , followed by the blow-up of the
strict transform of C2. Then, Z is a smooth threefold of Picard rank 3 that
admits a pseudo-automorphism of dynamical degree 49 + 20
√
6.
Proof. For i = 1, 2, we denote by πi : Xi → Y the blow-up of Ci, and by
τi ∈ Bir(Xi) the birational involution given by Proposition 3.8, which is a
pseudo-automorphism. Let us observe that the strict transform C˜3−i ⊂ Xi
of C3−i on Xi is equal to the intersection of the strict transforms of H1 and
H2. Hence, C˜3−i is the fibre of a line by the birational morphism σi : X → P3
given by | −KXi |. In particular, it is invariant by τi. This implies that τi
lifts to a pseudo-automorphism on the blow-up π′i : Zi → Xi of C˜3−i.
Note that π1 ◦ π′i is equal to π : Z → P3, up to an isomorphism Z → Z1,
and that π2 ◦π′2 is equal to π : Z → P3, up to pseudo-isomorphism Z 99K Z2
(which is an isomorphism outside of the pull-back of C1 ∩ C2 ⊂ Y ). In
particular, the maps τ1, τ2 yield two pseudo-automorphisms τ
′
1, τ
′
2 of Z.
Finally we compute the dynamical degree of the pseudo-automorphism
τ ′1 ◦ τ ′2. We express the action of τ ′1 and τ ′2 on Pic(Z) by choosing the
natural basis H,E1, E2 (pull-back of hyperplane and exceptional divisors).
We compute:
τ ′1∗ ◦ τ ′2∗ =

11 20 0−6 −11 0
0 0 1



11 0 200 1 0
−6 0 −11

 =

121 20 220−66 −11 −120
−6 0 −11

 .
On checks that τ ′1∗ ◦ τ ′2∗ has spectral radius equal to 49 + 20
√
6. 
Remark 3.11. We chose to describe the example on a blow-up of a cubic
threefold since this is the general setting of this paper. However one can
do essentially the same construction starting with a curve of genus 2 and
degree 8 on P3, whose blow-up is studied in [BL12].
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